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The Eddington Lagrangian of the aﬃne theory of gravitation generates the Einstein equations
of general relativity with the cosmological constant. The aﬃne Lagrangian of the electromagnetic
ﬁeld, which has the form of the Maxwell Lagrangian with the metric tensor replaced by the ten-
sor reciprocal to the symmetrized Ricci tensor, is dynamically equivalent to the Einstein–Maxwell
Lagrangian in the metric formulation. We show that the sum of the two aﬃne Lagrangians is
not equivalent to the sum of the analogous Lagrangians in the metric formulation. Therefore, the
simplest aﬃne theory combining gravitation, electromagnetism and the cosmological constant may
explain unsolved physical phenomena in systems where all three factors are important, for example,
in outer regions of the Solar System or galaxies.
PACS numbers: 04.50.+h, 04.20.Fy, 03.50.-z, 95.36.+x
I. INTRODUCTION
The ﬁrst pure–aﬃne gravitational Lagrangian was constructed by Eddington [1]. His aﬃne Lagrangian density,
proportional to the square root of the determinant of the symmetrized Ricci tensor, is equivalent to metric Einstein–
Hilbert Lagrangian density of general relativity with the cosmological term. Schro¨dinger elucidated Eddington’s aﬃne
theory and generalized it to a nonsymmetric metric [2]. In the aﬃne formalism, the connection is the fundamental
variable, analogous to the coordinates in relativistic mechanics. Consequently, the curvature corresponds to the
four-dimensional velocities, and the metric corresponds to the generalized momenta [3].
Ferraris and Kijowski showed that the metric and aﬃne formulations of gravity are mathematically and physically
equivalent [4]. They also found that the aﬃne Lagrangian of the electromagnetic ﬁeld, which has the form of the
Maxwell Lagrangian with the metric tensor replaced by the tensor reciprocal to the symmetrized Ricci tensor, is
dynamically equivalent to the Einstein–Maxwell Lagrangian in the metric formulation [5, 6]. In the previous paper [7],
we presented the simplest form of an aﬃne Lagrangian density, describing the electromagnetic ﬁeld in the presence of
the gravitational ﬁeld with the cosmological constant. This formulation was valid only for very weak electromagnetic
ﬁelds, on the order of the magnetic ﬁeld in interstellar space, at which our aﬃne Lagrangian reduced to the sum of
the Eddington Lagrangian and the Lagrangian of Ferraris and Kijowski.
In this paper, we assume that the sum of these two aﬃne Lagrangians is not the weak-ﬁeld approximation but is
the exact aﬃne Lagrangian representing the electromagnetic and gravitational ﬁeld with the cosmological constant.
We show that this Lagrangian is not equivalent to the sum of the analogous Lagrangians in the metric formulation.
Therefore, the simplest aﬃne theory combining gravitation, electromagnetism and the cosmological constant may be
responsible, in addition to explaining the nature of dark energy, for unsolved problems in systems where all three
factors are important, e.g., in outer regions of the Solar System or galaxies.
II. THE AFFINE LAGRANGIAN FOR THE COSMOLOGICAL CONSTANT
The condition for a Lagrangian density to be covariant is that it must be a product of a scalar and the square root
of the determinant of a covariant tensor of rank two [1, 2]. The simplest Lagrangian density of this form, depending
on the symmetric part of the Ricci tensor,
R(µν) = Γ
ρ
(µ ν),ρ − Γ ρ(µ| ρ,|ν) + Γ κ(µ ν)Γ ρκ ρ − Γ κ(µ| ρΓ ρκ |ν), (1)






where Λ is the cosmological constant and κ is Einstein’s gravitational constant. The metric structure associated with
a pure–aﬃne Lagrangian is obtained using the following prescription [1, 2, 5, 7]:
g
µν = −2κ ∂L
∂Rµν
, (3)
2where gµν is the fundamental tensor density. Since L depends only on the symmetric part of the Ricci tensor, we have
δL = − 12κgµνδR(µν) = − 12κg(µν)δRµν . Consequently, the tensor density gµν is symmetric. The contravariant metric










The tensors gµν and gµν are used for raising and lowering indices.
Substituting Eq. (2) into Eq. (3) yields [2, 7]
√
−detR(ρσ)Pµν = −Λgµν , (6)
where the symmetric tensor Pµν is reciprocal to the symmetrized Ricci tensor R(µν): P
µνR(ρν) = δ
µ
ρ . Eq. (6) is
equivalent to
R(µν) = −Λgµν, (7)
which has the form of the Einstein ﬁeld equations of general relativity with the cosmological constant Λ [1, 2].
The dynamics of the gravitational ﬁeld in the aﬃne gravity is governed by the principle of least action δS = 0. The
variation of the action corresponding to the Lagrangian (2) gives
δS = − 1
2κc
∫
d4x gµνδRµν , (8)
where we vary the action with respect to the connection through Rµν . If we do not restrict the connection to be
symmetric, the variation of the Ricci tensor is given by the Palatini formula [2]:
δRµν = δΓ
ρ
µ ν;ρ − δΓ ρµρ;ν − 2SσρνδΓ ρµ σ. (9)





where V is an arbitrary vector density, and applying the principle of least action, we obtain
g
µν
;ρ − gµσ;σδνρ − 2gµνSρ + 2gµσSσδνρ + 2gµσSνρσ = 0. (11)





σν + ∗Γ νρ σg
µσ − ∗Γ σσ ρgµν = 0, (12)
where






is Schro¨dinger’s star-aﬃnity [2].
Substituting Eq. (13) into (7) gives [2]
∗R(µν) = −Λgµν, (14)
where the tensor ∗Rµν is composed of
∗Γ κρ σ the same way Rµν is composed of Γ
κ
ρ σ. Because the fundamental tensor
density gµν is symmetric, from Eq. (12) it follows that the star-aﬃnity is the Christoﬀel connection of the metric
tensor [7]:
∗Γ ρµ ν = { ρµ ν}g, (15)
3and the aﬃne connection is given by




In this case, ∗R(µν) = R(µν), and Eq. (14) becomes
Rµν(g) = −Λgµν , (17)




(Sν,µ − Sµ,ν). (18)
Eqs. (16) and (18) contain an arbitrary vector Sµ, which can be set to zero, leading to general relativity with the
cosmological constant.
III. THE CORRESPONDENCE BETWEEN THE AFFINE AND METRIC FORMULATION OF
GRAVITY
Since we assume that the Lagrangian density L depends only on the symmetric part of the Ricci tensor R(µν), from
Eq. (3) it follows that the fundamental tensor density gµν is symmetric. If we apply the Legendre transformation to
L with respect to R(µν) and deﬁne the “Hamiltonian” density H:












The analogous transformation in classical mechanics goes from a Lagrangian L(qi, q˙i) to a Hamiltonian H(qi, pi) =
pj q˙j − L(qi, q˙i) with pi = ∂L
∂q˙i




From Eq. (20) it follows that
2κδH = R(µν)δg





where R = Rµνg
µν and g = detgµν . The Einstein equations of general relativity imply that H is the Lagrangian
density for matter in the metric formulation of gravitation. Eq. (19) yields L=H − 12κR
√−g, from which it follows
that − 12κR
√−g is the metric Lagrangian density for the gravitational ﬁeld, in agreement with general relativity.
Thus, the aﬃne (Eddington) and metric (Einstein–Hilbert) formulations of gravitation are dynamically equivalent, if
L depends on the aﬃne connection via the symmetric part of the Ricci tensor [4, 5].1 The aﬃne formulation deﬁnes
the metric tensor as the derivative of the aﬃne Lagrangian density with respect to the Ricci tensor, obtaining the
algebraic relation between these two tensors, and derives the ﬁeld equations by varying the action with respect to the
connection, which gives the diﬀerential relation between the connection and the metric. The metric formulation sets
the connection equal to the Levi-Civita connection of the metric tensor, and derives the ﬁeld equations by varying
the action with respect to the metric.2






1 The affine Lagrangian density may also depend directly on the symmetric part of the connection.
2 There is also another formulation, metric–affine (Palatini), which treats both the metric and connection as independent variables, and
derives the field equations by varying the action with respect to these quantities. Under the above constraints, this formulation is
dynamically equivalent to the metric and affine formulations [4].





which is the same as the metric Lagrangian density for the cosmological constant.
IV. THE AFFINE LAGRANGIAN FOR THE ELECTROMAGNETIC FIELD










in which the metric tensor is replaced by the tensor Pµν reciprocal to the symmetrized Ricci tensor [5]. The La-












which yields R = 0. Therefore, Eq. (19) reads HEM = LEM .
To see that Eq. (24) is indeed the aﬃne Lagrangian of the Maxwell electrodynamics, it is suﬃcient to choose the




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , (27)




0 E 0 0
−E 0 0 0
0 0 0 −B
0 0 B 0

 . (28)







1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 , (29)
which yields the desired formula:3 √
−detR(µν)FαβPαρP βσ =
√−gFαβgαρgβσ. (31)
This identity is of tensorial character, hence it is valid in any frame of reference. Therefore, the Lagrangians (24)
and (25) are equivalent [5].
3 In the chosen frame of reference, both sides of Eq. (31) are equal to the matrix
0
BB@
0 −E 0 0
E 0 0 0
0 0 0 −B
0 0 B 0
1
CCA . (30)
5V. THE ELECTROMAGNETIC FIELD AND COSMOLOGICAL CONSTANT IN THE AFFINE
GRAVITY
Let us now consider the aﬃne formulation of gravity which combines the electromagnetic ﬁeld and cosmological
constant as the sources of the gravitational ﬁeld. The corresponding metric Lagrangian is the sum of the two separate















− Λgµν , (33)
which yields R = −4Λ. Therefore, Eq. (19) reads








k − Λ 0 0 0
0 Λ − k 0 0
0 0 k + Λ 0
















k−Λ 0 0 0
0 0 0 −B k−Λ
k+Λ




If we assume that the aﬃne Lagrangian of the electromagnetic ﬁeld and cosmological constant is the sum of the two
















k − Λ − B






(Λ2 − k2). (40)
















6Eq. (34) is not satisﬁed:












unless k = 0. Therefore, the sum of the aﬃne Lagrangians corresponding separately to the electromagnetic ﬁeld
and cosmological constant in the metric formulation of gravity does not correspond to the electromagnetic ﬁeld
and cosmological constant together (in the metric formulation). If we assume that the metric Lagrangian for the
electromagnetic ﬁeld and cosmological constant is a simple sum of the two separate metric Lagrangians, then the
corresponding aﬃne Lagrangian will be more complicated. Similarly, if we assume that the aﬃne Lagrangian for
the electromagnetic ﬁeld and cosmological constant is a simple sum of the two separate aﬃne Lagrangians, then the
corresponding metric Lagrangian will be more complicated.5
If we choose to be guided by the principle of simplicity [2], the physical inequivalence between the two simple
Lagrangians may indicate which formulation is more fundamental and reformulating the Einstein–Maxwell theory
into a new physical theory would be motivated [8]. In the case where the true Lagrangian is simple in the aﬃne
formulation, the physical laws describing the electromagnetic ﬁeld and cosmological constant in the metric formulation
of gravity will deviate from the Einstein–Maxwell–ΛCDM equations.6
Accordingly, these deviations may be responsible for the observed anomalies in astronomical systems where the
cosmological constant and the electromagnetic ﬁeld are on the same order [7], e.g., in outer regions of the Solar
System (the Pioneer anomaly [9]) or galaxies (dark matter). These deviations could also aﬀect the dynamics of the
early Universe.
VI. SUMMARY
The main result of this paper is the physical inequivalence between the aﬃne and metric Lagrangian for the
electromagnetic ﬁeld and cosmological constant, assuming that each separate aﬃne Lagrangian is equivalent to the
corresponding metric Lagrangian. Therefore, the simplest aﬃne theory combining gravitation, electromagnetism and
the cosmological constant may be responsible, in addition to explaining the nature of dark energy, for unsolved
problems in systems where all three factors are important. In the next paper, we will examine physical implications
of the deviations of the aﬃne gravity from the Einstein–Maxwell–ΛCDM theory to outer regions of the Solar System,
where we observe the Pioneer anomaly, or galaxies, where dark matter is supposed to explain the observed rotation
curves.
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